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The 
ux line lattice ( FLL ) of T yp e-I I sup erconductors is a topic of m uc h

recen t in terest. The FLL ma y b e imaged directly using small-angle neutron

scattering ( SANS ). Since subtle prop erties of the underlying sup erconduct-

ing state ma y b e re
ected in the orien tation and shap e of the FLL, and in

the 
ux line form factor, SANS studies of the FLL con tin ue to b oth c hallenge

and prop el our understanding of sup erconductivit y .

The ob jectiv es of this exp erimen t are to dev elop a cursory comprehension

of what FLL studies en tail. Without b eing to o caugh t in the sp eci�cs, it

is also hop ed the participan t will attain a familiarit y with the di�raction

tec hnique, essen tial for SANS studies of the FLL, but moreo v er v ery useful

for neutron or X-ra y explorations of other systems.

W e will �rst b egin with an outline of sup erconductivit y , describing fun-

damen tal theories and features that m ust b e b orne in mind throughout an y

FLL study . In section 2 w e turn our atten tion to di�raction theory at a

lev el appropriate for our in tro ductory FLL exp erimen t. With the aim of

pro viding a handy reference for the reader, with the relev an t ideas collected

in one place, this second section tak es rather a formal approac h. The SANS

instrumen t and asso ciated considerations are outlined in section 3. Finally

in 4 the details are giv en of the sup erconductor (niobium) c hosen for our in-

tro ductory exp erimen t, and a list of sev eral researc h topics is prop osed, an y

one of whic h can b e readily in v estigated in the p edagogical b eam time a v ail-

able. Throughout this treatise, questions ma y b e disco v ered, to stim ulate

the conscious reader.

1 Sup erconductivit y

It is nearly a cen tury since sup erconductivit y w as disco v ered in 1911 b y

Kamerlingh-Onnes who observ ed an abrupt drop to zero of the resistivit y

of mercury b elo w T

c

� 4 K. It is just t w en t y or so y ears since the high - T

c

sup erconductors w ere disco v ered: in 1986 b y Bednorz and M • uller [1] in the

La-Ba-cuprate system ( T

c

� 36 K) and in the follo wing y ear b y W u et al. [2]

in the Y-Ba-cuprate (YBCO) system with a T

c

� 93 K. This temp erature is

accessible using liquid nitrogen, making YBCO to da y's sup erconducting star

of lab oratory demonstrations.

Under the in
uence of an applied magnetic �eld, mercury has quite di�er-

en t sup erconducting prop erties from the cuprates. Hg will exp el from its bulk

al l applied �eld b elo w H

c

( T ) in an e�ect commonly accredited to Mei�ner,

rather neglecting his p ostdo ctoral collab orator Oc hsenfeld, follo wing their

disco v ery in 1933. In the cuprates the p erfect diamagnetism holds only b e-

lo w a lo w er critical �eld H

c1

( T ). Ab o v e this Meissner phase , but b elo w the
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(a) Mixed state in PbTl

 

(b) In termediate

mixed state in Nb

Figure 1: Pictures pro duced b y Bitter decoration | where ferromagnetic

nanoparticles are absorb ed on to the surface of a sup erconductor | with

�eld applied parallel to the crystal h 100 i direction, from Obst [3].

normal-sup erconducting transition at an upp er critical �eld H

c2

( T ), the �eld

p enetrates as lines of magnetic 
ux with eac h 
ux line carrying one quan tum

of 
ux �

0

�

h

2 e

. Sup erconductors that exhibit this mixe d state (Fig. 1(a))

are designated as `T yp e-I I', whereas those lik e Hg are `T yp e-I'.

The in teraction b et w een 
ux lines is usually repulsiv e at all spacings,

though for certain sup erconductors (suc h as high-purit y niobium) a long-

range attractiv e FL in teraction just ab o v e H

c1

( T ) ma y (dep ending on the

sample shap e) result in an interme diate mixe d state comp osed of Meissner

regions and regions of constan t 
ux densit y B

0

(Fig. 1(b)).

Q. A r e the values of \induction " and \
ux density" di�er ent in the mixe d

state ? What ab out in the interme diate mixe d state ?

In Fig. 2 w e plot the phase diagram t ypical of a T yp e-I I sup erconductor

p ossessing an in termediate mixed state.

1.1 Phenomenological Theories

A t zero �eld, the normal to sup erconducting transition is second order i.e. the

order parameter describing the sup erconductivit y go es con tin uously to zero

as T ! T

c

. Th us, follo wing the usual approac h of Ginzburg and Landau, the

free energy ma y b e expanded in p o w ers of the order parameter. In his Nob el

prize-winning w ork, Abrik oso v sho w ed that the lo w est energy solution of the

Ginzburg-Landau equations for �elds H

c1

< H < H

c2

is indeed a lattice of
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Normal state 
no superconductivity, 
no flux lines. 

Mixed state 
flux lines with flux 
density dependent 
on applied field. 

Intermediate mixed state 
flux lines with flux density B0(T) 
independent of applied field. 

Upper critical field line Hc2(T) 

Tc 

Figure 2: Diagram depicting the di�eren t states presen t in high-purit y nio-

bium, as a function of temp erature and �eld applied parallel to the fourfold

[001] crystal axis. The upp er critical �eld H

c2

( T ) is indep enden t of sample

shap e, since at these �elds the sample magnetization is zero. Ho w ev er the

applie d �eld b elo w whic h the in termediate mixed state is en tered dep ends on

the sample shap e via a demagnetization factor; here this line is represen tativ e

of a cylindric al sample.
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Figure 3: The order param-

eter of the Abrik oso v solu-

tion to the Ginzburg-Landau

equations, solv ed in the lo w-

est Landau lev el appro xima-

tion.


ux lines [4], with the area A of one FLL unit cell satisfying the condition

�

0

= B A (1)

where B is the 
ux density and �

0

�

h

2 e

= 2 : 07 � 10

� 15

Tm

2

is the 
ux

quan tum.

Q. How do es A change as a function of applie d �eld H for high-purity

Nb (c.f. Fig. 2) ?

Abrik oso v further sho w ed that the Ginzburg-Landau free energy is sen-

sitiv e to the shap e of the FLL, with the free energy densit y a monotonically

increasing function of the geometrical parameter �

A

. In the simplest | i.e.

isotropic | case, a square FLL co ordination has �

A

= 1 : 18 while a hexag-

onal co ordination yields �

A

= 1 : 16. Th us the equilibrium FLL prefers an

equilateral triangular half-unit cell in the isotropic situation (Fig. 3). It is

easy to en visage that underlying anisotropies of the sup erconductor can man-

ifest themselv es as equilibrium distortions from the equilateral triangle, or as

transitions in to other FLL structures. In the high- T

c

cuprate sup erconduc-

tors (suc h as YBCO), for example, a square FLL at high �elds is b eliev ed to

stem from an asymmetric d -w a v e order parameter.

Q. Can you guess what FLL structur es may give rise to the 2D di�r action

image on the c over of this tr e atise ?

In Fig. 4 the structure of an isolated 
ux line is illustrated. The core

of eac h 
ux line is not sup erconducting | it is in the normal state. The

diagram illustrates the imp ortan t parameters in sup erconductivit y:

� the Ginzburg-Landau coherence length � measures the distance o v er

whic h the sup erconducting order parameter resp onds to a p erturbation;

� the London p enetration depth �

L

is the c haracteristic length of the

deca y of an y �eld from a normal region, in this case the core of a 
ux

line;
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Figure 4: Structure of an isolated


ux line in a T yp e-I I sup ercon-

ductor calculated using Ginzburg-

Landau theory with � = 20. Go-

ing out w ards, the magnetic �eld H

decreases with the p enetration

depth �

L

, while the order param-

eter 	 is reduced in a core region

of radius � .

� the Ginzburg-Landau parameter � whic h is, roughly , the ratio �=� .

The Ginzburg-Landau theory is only strictly v alid in the region where

the order parameter b ecomes v anishingly small i.e. at temp eratures close to

T

c

. In 1935, some score y ears b efore the prime of Landau and Ginzburg, the

brothers F. and H. London prop osed a phenomenological description of the

sup erconducting state in the limit where all magnetic �elds and sup ercurren ts

are w eak and ha v e a slo w v ariation in space. In this description, a densely

pac k ed arra y of 
ux lines is represen ted b y t w o-dimensional delta functions

in the London equation

H + �

2

L

r ^ r ^ H = �

0

^
z

X

j

� ( r

?

� R

?

j

) (2)

where the 
ux lines are directed along the z-axis and R

?

j

is the p osition of

the j th 
ux line in the ( x; y ) plane.

It is easy to see that, if just one 
ux line is considered in (2) , that the

�eld deca ys exp onen tially a w a y from the core with c haracteristic length �

L

.

In (2) one assumes that the core of eac h 
ux line has a v anishingly small

radius � ! 0 so that the corresp onding singularit y can b e replaced b y a

delta function, and that the con tributions from isolated 
ux lines can b e

simply sup erimp osed. These assumptions are acceptable if � � d � �

L

where d is the spacing b et w een 
ux lines. W e will return to (2) in regard of

the 
ux line form factor , a quan tit y measurable using SANS.
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2 Bragg di�raction

W e start with the elastic di�eren tial cross-section giving the probabilit y of

neutrons scattering in to a solid angle d


d �

d


=

�

m

n

2 � ~

2

�

2

�

�

�

�

�

Z

^

V ( r )e

i � : r

d r

N

X

j

e

i � : R

j

�

�

�

�

�

2

(3)

where m

n

is the neutron mass,

^

V is the F ermi pseudo-p otential that is de�ned

(in the Born appr oximation ) to giv e isotropic scattering from one of the N

similar scatterers cen tred at R

j

. � is kno wn as the sc attering ve ctor . These

italicised terms and (3) should already b e familiar from the op ening lectures

of this summer sc ho ol. F or the basic concepts of neutron scattering set in a

wider con text, the k een reader is referred to Squires [5] and Lo v esey [6].

W e see that (3) separates in to a structur e factor

S ( � ) �

�

�

�

�

�

N

X

j

e

i � : R

j

�

�

�

�

�

2

(4)

and a form factor F

A

( � ) that is simply the F ourier transform of the p oten tial

for a single scatterer

F

A

( � ) �

m

n

2 � ~

2

Z

^

V ( r )e

i � : r

d r (5)

2.1 An arra y of 
ux lines

The magnetic momen t op erator for a neutron is � = � 
 �

N

� where � is

the P auli spin op erator, the n uclear magneton �

N

�

e ~

2 m

p

and the neutron

gyromagnetic ratio 
 = 1 : 913. The in teraction of a neutron with a magnetic

�eld H is describ ed b y the p oten tial

� � : H = � 
 �

N

� : H

The op erator � dep ends on the spin co ordinates of the neutron. With unp o-

larise d inciden t neutrons, H = j H j , and the elastic di�eren tial cross-section

(3) b ecomes

d �

d


=

�

m

n

2 � ~

2

�

2




2

�

2

N

�

�

�

�

Z

H ( r )e

i � : r

d r

�

�

�

�

2

S ( � )

=




2

16�

2

0

�

�

�

�

Z

H ( r )e

i � : r

d r

�

�

�

�

2

S ( � )

since �

N

'

e ~

2 m

n

and the 
ux quan tum �

0

�

h

2 e

.
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Figure 5: A p erfect 
ux line lattice is sho wn in (a) view ed p erp endicular to

the �eld direction. The cores of the 
ux lines are shaded. The p erio dic �eld

distribution leads to a t w o-dimensional arra y of sp ots in recipro cal space

(b). These are sw ept through the Ew ald sphere (that de�nes the lo cus of

p oin ts where the scattering is elastic) as the FLL is rotated. Repro duced

from Huxley [7].

2.2 A p erfect 
ux line lattice

Here w e consider the 
ux line lattice (FLL) as a regular arrangemen t of rigid

straigh t ro ds. The p erfect arrangemen t in real space leads to a 2D arra y of

sp ots in recipro cal space (Fig. 5). F or a large (in�nite) crystal the structure

factor (4) exhibits � -function p eaks in the usual w a y

S ( � ) / � ( � � G )

G is a recipro cal lattice v ector of the FLL. W e observ e no elastic scattering

unless the Bragg condition � = G and the elastic condition j k j = j k

0

j are

satis�ed, where k and k

0

are the inciden t and scattered w a v e v ectors resp ec-

tiv ely (note � � k � k

0

). These relations are com bined in a more familiar

form of Bragg's la w

2 d sin �

B

= n�

n

where n 2 Z , d is the Bragg plane spacing, 2 �

B

is the angle b et w een inciden t

k and di�racted k

0

neutrons, and �

n

is the neutron w a v elength. F or t ypical


ux line spacings d � 1000

�

A ( Q. T o what 
ux density would this c orr esp ond

? c.f. (1)), and emplo ying cold neutrons ( �

n

� 10

�

A), w e �nd �

B

� 0 : 3

�

,

p erhaps not surprisingly fa v ouring the use of a SANS instrumen t.

2.3 The ro c king curv e

By rotating the sample (and cry omagnet) through a Bragg p eak (the \ro c king

curv e") w e collect an in tegrated in tensit y I

G

that, when normalised to the
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inciden t neutron 
ux I

0

, yields an in tegrated re
ectivit y

R

G

�

I

G

I

0

=




2

16

�

3

n

A

2

sin 2 �

B

t j h

G

j

2

(6)

where t is the illuminated sample thic kness and A is the FLL unit cell area.

The form factor h

G

is de�ned as the normalized F ourier transform of the

t w o-dimensional �eld distribution for a single 
ux line

h

G

=

R

H ( r )e

i G : r

d r

�

0

(7)

where �

0

is the 
ux quan tum.

Q. What is the �eld dep endenc e of h

G

as pr e dicte d by the L ondon e quation

(2) ?

The in tegrated re
ectivit y (6) is particularly useful as it can b e measured

in absolute units and is indep enden t of the instrumen t resolution function

and an y small mosaic spread arising from more than one FLL crystallite

existing in di�eren t regions of the sample.

Although not as pleasing to the ey e as FLL structural studies, the 
ux

line form factor ma y b e of great consequence as demonstrated in v ery recen t

w ork [8] where an anomalous �eld dep endence of the form factor may indicate

the presence of a no v el, inhomogeneous sup erconducting state kno wn as the

F ulde-F errell-Larkin-Ov c hinnik o v state.

3 SANS instrumen ts

A sc hematic of the general SANS instrumen t is sho wn in Fig. 6. A t the

NCNR, the t w o 30 m SANS instrumen ts (NG3-SANS and NG7-SANS) allo w

a neutron w a v elength in the range 5{20

�

A, determined b y the rotational sp eed

of the v elo cit y selector. The w a v elength spread can also b e c hanged b y tilting

the v elo cit y selector axis with resp ect to the b eam direction, though � 15%

is t ypically used. F or FLL studies, usually a small angular spread is a�ected

b y remo ving all 8 of the neutron guides. With this maxim um collimation, w e

also ha v e a c hoice of source ap ertures (placed upstream of the collimation),

namely 1.43 cm, 2.20 cm or 3.81 cm. Due to the small Bragg angles in v olv ed,

the detector is usually placed as far do wnstream as p ossible.

The simple geometry of a SANS exp erimen t (Fig. 7) means that the in-

strumen t resolution function can easily b e calculated. Some insigh t can b e

deriv ed in to the instrumen t resolution, and moreo v er the long range struc-

ture and degree of order of the FLL, b y using a mathematically con v enien t

mo del in whic h con tributions to the �nite width of observ ed di�raction sp ots
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Figure 6: A sc hematic of a t ypical SANS instrumen t. An incoming neutron

b eam with w a v elength spread � 15% and small angular spread � 0 : 1

�

is

prepared b y a v elo cit y selector and a collimation of up to 15 m. A similar

distance b et w een the sample and the m ultidetector allo ws the detection of

neutrons scattered at small angles.

are represen ted b y Gaussians with similar standard deviations to the actual

distributions [9]. These con tributions include the angular spread a of the

incoming b eam k

i

, the e�ectiv e spread b of the Bragg plane angle a w a y from

the mean | in recipro cal space this is the angular spread of � in the scat-

tering plane; the e�ectiv e spread c of the Bragg angle �

B

i.e. the spread in

the magnitude of the scattering v ector j � j .

The angular spread of the incoming b eam is determined b y the collima-

tion and a pair of ap ertures at either end. The sour c e ap erture denotes the

ap erture closest to the neutron source, while the de�ning or sample ap erture

is closest to the sample. Here w e considering the source and sample ap ertures

as thin slits of width s

o

and s

a

resp ectiv ely . The FWHM a is [10]

a '

8

>

<

>

:

s

o

l

c

;

s

o

l

c

+ l

d

�

s

a

l

d

s

a

�

1

l

c

+

1

l

d

�

; otherwise

(8)

Here l

c

is the collimating distance b et w een the ap ertures and l

d

is the dis-

tance from the sample ap erture to the detector. F or circular ap ertures a

more complicated geometrical construction con tributes small corrections to

(8) [10 ].

With the geometry of Fig. 7, b is a measure of the correlations along the


ux lines that giv e a �nite width W

L

of the sp ot in recipro cal space parallel to

the �eld. b will in addition include an y small mosaic spread that con tributes

to a resolv able Bragg p eak.
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Figure 7: The exp erimen t geometry usually c hosen for FLL SANS exp eri-

men ts. A square FLL is illustrated in real and recipro cal space. Q. How

ar e the 2D r e al and r e cipr o c al sp ac e lattic es r elate d for a FLL of arbitr ary

shap e ? Measuremen t of the angular width of the ro c king curv es W

!

and

the radial W

r

and azim uthal W

A

widths of a di�raction sp ot pro jected on

the detector allo ws estimation of the size of the sp ot in recipro cal space in

three dimensions; this ma y b e expressed b y v ariation W

q

in the length of the

recipro cal v ector G and widths of the sp ot in recipro cal space parallel W

L

and p erp endicular W

?

to the �eld.
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The w a v elength spread � �

n

=�

n

of the incoming b eam plus the spread

W

q

= � G=G in spacing b et w een FLL Bragg planes are com bined in c

�

c

�

B

�

2

=

�

� �

n

�

n

�

2

+ W

2

q

(9)

Here w e will fo cus on the ro c king curv e width W

!

. By in tegrating o v er

the distribution in di�racted b eam as a function of ro c king angle ! , one �nds

W

2

!

= a

2

+ b

2

+ c

2

(10)

F or small angle scattering w e see from (9) the spread c in Bragg angle is

small, ev en for the � 15% w a v elength spread coming from a v elo cit y selector.

This mak es the t ypical SANS instrumen t emplo ying a v elo cit y selector quite

insensitive to W

q

. F or the ro c king curv e width (10) the instrumen t resolution

is essen tially the angular spread of the incoming b eam | t ypically � 0 : 1

�

.

4 In tro ductory exp erimen t

F or our p edagogical exp erimen t, the FLL in high-purit y elemen tal niobium

will b e examined. Nb has the follo wing sup erconducting parameters:

� T

c

= 9 : 3 K

� � = 0 : 7

� �

0

= 390

�

A

Q. F or what �eld r e gion, if any, is the L ondon the ory valid for this low- �

sup er c onductor ?

Our sample will b e a single-crystal Nb sphere of diameter � 13 mm,

moun ted on a closed-cycle refrigerator with a base temp erature of 1.9 K.

The refrigerator and sample will b e inserted in to an electromagnet, pro vid-

ing �elds of up to 500 mT applied parallel to the fourfold [001] axis of the

b o dy-cen tred cubic niobium. The ( H ; T ) phase diagram for this situation

is illustrated in Fig. 2. The FLL should b e formed b y applying the �eld

at a temp erature ab o v e T

c

b efore co oling in the �eld. The sample, electro-

magnet and CCR are �xed on to a rotation stage whic h, b y suitable scans

of the rotation angle, enables ro c king curv es to b e measured. Data analy-

sis will b e carried out using the Grasp pac k age, illustrated in Fig. 8 to aid

pre-exp erimen t familiarit y . Detailed help on this analysis pac k age will b e

a v ailable at the instrumen t.
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2D SANS detector image. 
At the centre, one can see the noise 
from the direct beam and the beamstop. 

Workspace entry. 
Foregrounds and 
backgrounds are 
loaded here. 

Sector averaging 
enables us to plot intensity as 
a function of scattering vector 
q for just one Bragg peak. 

Rapid curve fitting. 
Here we see the peak is at 
q = 0.00746 Å-1. Thus the 
flux density is 253 mT. 

Main Grasp window 

Detailed output window 

Figure 8: A t ypical example of the use of Grasp. Here the 
ux densit y of a

hexagonal FLL is measured.

12



Our treatise is concluded with a list of suggested topics, an y one of whic h

(or more for the v ery k een) is suitable for the short summer-sc ho ol study .

They are:

� An in v estigation of FLL structure as a function of applied �eld in

b oth the mixed state and in termediate mixed state at base temp er-

ature (1.9 K).

� An in v estigation of FLL structure as a function of temp erature at an

applied �eld of either i) 175 mT (in the mixed state), ii) 100 mT (con-

cen trating on the in termediate mixed state), iii) lo w applied �elds close

to T

c

.

� An in v estigation of the temp erature dep endence of B

0

, carried out at

a suitable applied �eld (c.f. Fig. 2).

� A precise determination of the applied �eld at whic h the in termedi-

ate mixed state is en tered for our spherical sample at some suitable

temp erature (note Fig. 2 is represen tativ e of a cylindrical sample).

� An exploration of the 
ux line form factor as a function of applied �eld

in the mixed state at base temp erature.

� An exploration of the 
ux line form factor as a function of temp erature

in the mixed state at an applied �eld of 175 mT.

It is left to eac h summer-sc ho ol group to c ho ose and direct their study , but

y our friendly instrumen t scien tist will, as alw a ys, b e on hand | so ha v e

fun !!
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